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Abstract—In this paper we introduce tracking models based
on non-Gaussian continuous time stochastic processes with time-
varying skewness. The idea behind this is that the skewness of
the dynamical model may be able to model a propensity for an
object to undergo manoeuvres of a particular type, for example
velocities tending in a particular direction, but that these may
change over time. This process is constructed based on a random
series representation of conditionally Gaussian Lévy processes,
which enables straightforward simulation of the models. We
demonstrate the specific example of «-stable processes and
find that such processes can capture abrupt changes owing
to their heavy-tailed behaviour, and demonstrate the random
changes in direction caused by the time-changing skewness of
the distribution. We propose methods for joint tracking of both
states and skewness for such processes, based on a marginalised
particle filter, which are demonstrated to perform well even with
limited numbers of particles.

Index Terms—non-Gaussian stochastic process, sequential
Monte Carlo, particle filter, Lévy process, stochastic differential
equation

I. INTRODUCTION

In order to model the movement of an object, it is common
to use stochastic differential equations (SDEs) such as in [1],
[2]. The noise term in the SDEs represent the randomness of
the movement. It is well known that many real-world data
exhibit heavy-tailed behavior which cannot be captured by
Gaussian noise, such as in financial systems [3]-[5], commu-
nications [6]-[9], signal processing [10], image analysis [11],
audio processing [12], [13], and in climatological sciences
[14], [15]. Therefore, more general types of process should
ideally be used to model the noise in such systems.

A natural choice of non-Gaussian model in continuous time
is the Lévy process [5], [16]. An important property of Lévy
processes is an infinitely divisible distribution that defines the
process over time. However, in real life, the parameters of the
system can also be randomly time-varying. Intuitively, moving
objects do not necessarily follow the same process all the time
as they undergo different manoeuvres. Therefore, we propose
a more general time-varying process by setting the skewness
of the process to be another stochastic process - a Brownian
motion, in our case. Processes driven by such time-varying
noise are also readily simulated within the framework we
propose, and Monte Carlo likelihoods may be computed in
order to run algorithms such as sequential Monte Carlo [17],
[18].
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Here an a-stable model is assumed for the underlying Lévy
process as a a concrete example, where after some time 7" the
process will reach a particular a-stable distribution, and we
adopt a conditionally Gaussian representation of this process
as in [19]. The skewness of the distribution is readily param-
eterised in terms of the mean and standard deviation of the
conditional Gaussian form, and by allowing the mean to vary
with time we propose to model time-varying skew. Simulation
and inference for conditionally Gaussian Lévy-driven state-
space models have been proposed in [19], while [1] extends
the methods to spatial tracking scenarios, their work is limited
to the symmetric (non-skewed) «-stable case. In our work
here, we consider a time-varying skewness and state space
models in multiple spatial dimensions. Inference for the time-
varying mean parameter of the stochastic process is carried
out within a marginalised particle filtering framework, using a
novel extension of the approach for fixed mean and skewness
in [19].

II. MODELLING FRAMEWORK

Consider now a stochastic process on a time axis 7 = [0, T'],
which can be described by a linear stochastic differential
equation (SDE) [20] taking the form

dX(t) = AX(t)dt + hdW (t), X (t) e RE. W () e R (1)

where W (t) is the driving noise process, at time ¢ € 7. Let
s € T,s < t; then, integrating (1) from time s to ¢ gives

t
X(t) = A X(s) + J A hdW (u) .

S

Consider the stochastic integral in this equation, defining

t
I(s,t) := J AW (u) . (2)

Now consider the form of W (t), which will be modelled
as a pure jump stochastic process [5]; we start from the
series representation of W (¢) using a generalised shot noise
representation, following [21]. Define Z(A) = 1 if event A is
true and 0 otherwise. Let < denote convergence in distribution.
Then, according to [21],
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where .J; are random jumps of the process occuring at random
times V; YU (1) (Uniform distribution), and ¢; are centering
terms that are required for the convergence of the series in
certain cases, such as the a-stable case with > 1. In this
paper we deal only with cases where centering is not necessary
and set all ¢; to zero (more general cases with centering will
be presented in future work). The jumps J; are represented
as a function J; = H(I';,U;) where {I';} are event times
(epochs) of a unit-rate Poisson process, H (7, .) is a function
that is non-increasing in v, and U; are iid random variates,
here taken as standard normal U; ““ A/ (0,1). Two cases will
be of interest to us here; firstly, define

H(Fi, Uz) = h(Fl)(u(VZ) + UwUZ‘), U, ~ /\/(0, 1) . @

We will denote this first case as the Normal-o-Mean (NoM)
mixture model, where h() is a non-increasing function. This
case will provide the basis for the examples presented in the
paper. In particular the a-stable stochastic process is obtained
with h(y) = v~V (a € (0,1)), see [22]. a € [1,2) is also
possible but would require centering c;, so we omit this case
in the present context.

Secondly, the so-called Normal-Variance-Mean (NVM)
model [5], [23] is obtained with H(T';,U;) = h(T;)u(V;) +
A/ h(I';)owU;. The NVM model is not taken further in this
paper, but related developments based on this important class
will be presented in future work.

Notice that in both cases the term p(t) is allowed to be time-
varying, in contrast with previous work in which u(t) = pw,
an unknown constant.

Substituting (4) and (3) into (2) with ¢; = 0 we get a series
representation of the form:

I(s,t) £ N RIOE(VE) (V) + ow U I(Vi € [5,1))
i=1

where f;(u) = eA(t~%h,

Since it is impractical to consider an infinite number of
series terms, we truncate the summation to consider only large
jumps, in the manner of [19], [23], leading to the following
truncated series representation,

(s,1) = 3 h(TEWV) (Vi) + owUDI(Vi € [5,1)) (5)
I'i<c

Thus far the development is much as in the standard Lévy-

driven process detailed in [19], [23]. In these earlier papers, as

stated above, p(V;) = pw (a constant) and oy determine the

skewness, 5 € [—1, 1], and scale, =, of the process, which are

fixed (but unknown) over time; for example, in the «-stable
case the relationships, according to [24], are

5= E[lpw + owUp|*sign(uw + owUi)]
E{lpw + owU1|*]
o _ Ellpw +owlh|?]

Ca

v

where C, is a constant depending on «, and E denotes
expectation.

Here though our contribution is to introduce a broader class
of stochastic processes, in which the parameter p(V;), and
hence the skewness of the process, may vary over time, for
example as a Brownian motion'. The motivation for this is
that the skewness of the process may indicate a propensity
of an object to move preferentially in one direction rather
than another (an example of ‘intent’ analysis), and that this
propensity may be expected to vary with time in manoeuvring
or evasive object bahaviours. In order to achieve this objective,
define a new process du(t) = o0,dB(t), where B(t) is a
standard Brownian motion. The resulting process W (¢) is no
longer a Lévy process as the increments are not stationary, but
it does have the advantage of allowing time-varying skewness
in the model. In this current work we will ignore the error
due to truncation of the infinite summation, which is expected
to be small if c is set sufficiently large, a topic that will be
explored in a future publication, (see [19], [23] for the full
treatment of the residual error when p(t) = pyw is constant).

With a direct truncation of the infinite series, the resulting
state dynamical model is expressed as

X(t) = eA) X (s) 4+ I¢(s, 1) (6)

and in the next section we summarise how to simulate the new
process.

III. SIMULATION

First note that for a time interval (s,t] € 7 the I';s and
Vis need not be generated for the whole interval 7. We can
equivalently generate {I';}(,4 as a Poisson process of rate
(t — 8)/T, then for each such T';, generate a uniform V; ~
U(s,t]. ?

The process can then be simulated by generating sets
of {Fi}fs,t]’ {Vi}fs,t]’ {“(Vi)}?s,t]v {Ui}f&t] at each time step,
where the superscript ¢ represents that all I'; < c¢ and the
subscript (s,¢] denotes that V; € (s,t] and hence that the
jumps happen in the time interval (s,t]. Now, observing that
X (t) in (6) is Gaussian conditionally on the I's, Vs and us,
we can write the conditional transition density of X (¢) as

XX ()AL} (o7 Vil oy 10 (Vi)Y
~ N (AN () + misg Sien) D
where
mq = Y MT)EVIu(VII(Vie [s,t) ()
I'i<c
and

St =0ty ) MT)*RVOE (V)Z(Vi € [s,1)) ()

ri<C

!Essentially any linear Gaussian state space model for j(t) would work
here, but we study Brownian motion as a simple starting point.

2This method is exactly equivalent to generating the {T';} from a unit rate
Poisson process with associated times V; ~ U(7) and then thinning the points
to select only those having V; € (s, t] [25].



We can therefore just generate I's, Vs and ps for each
time interval required and sample X (¢) from its Gaussian
conditional distribution. If simulation is required at a list
of increasing times 0,%;,%2,..., T, then we simply apply the
Gaussian sampling procedure successively over each sub-
interval (¢;_1,t;] for j = 1,..., thus obtaining a ‘skeleton’
path of the process X (0), X (t1),..., X(T'). Note also that in
practice the algorithm is easily extended to times beyond the
initial axis 7 by re-starting the generalised shot-noise model
for W(t) on a subsequent time axis 7 + 7" and repeating as
required.
The complete simulation algorithm is shown in Alg. 2.

Algorithm 1: Sample Latent Variables

Input : Time interval (s, t]
Output: Ordered latent variables {{I', V'};}{, ,
begin
Initialize T' = 0, {T';, Vi}?s,t] =g
while I" < ¢ do
'+ =r,r~exp(T/(t—s))
V ~U(s,t]
add (I, V) to {T';, Vi}{,
Sort the set of pairs in the order of increasing Vs,
to obtain the ordered set {I';, Vj}fS 1

Algorithm 2: Simulation of sample paths

Input: An increasing set of observation times, {t,}"_;
Output: Sample path {X (t,,)}Y_;
begin
Initialise X (0), to = 0, u(0)
forn=1...N do
Sample {FJVVJ’}ftn_l,tn] by Alg. 1
for (Fj7 VJ) € {Fjv V}}ftnqin] do
Sample p(V;) from
N (u(Vy—1), (Vi — V;1)02) defining
‘/O =1tn-1
Extract largest time Va0 = maxj{Vj}ft
Sample p(t,) from
N(N(Vmaz)a (tn - Vmam)oﬁ)
Compute m, ;; and S, 4 by (8) and (9)
Sample X (t,,)|X (t,,—1) from the normal
distribution (7)

n—1tn]

IV. STATE INFERENCE AND TRACKING

We now describe how to carry out inference in the new
model, including estimation of the kinematic state X (¢) and
the time-varying mean process p(t).

A. State space model

In order to pose the inference problem, we first rewrite
the state transition model using an extended state vector that

includes both X(t) and p(t), following the fixed-u case in
[19],
= [f((f))] , O = Aas + Bes,taes,t ~ N<07 Cs7t) (10)
Now, suppose that measurements y1,y2, ..., Yn, ... are made

at discrete times tq,to, ... through a linear Gaussian
observation model:

vn=HX;, + vy, vy ud N(0, k¥ 031), y, € RP

s

Y

where cr‘z,v is once again the variance term in Eq. (4) and kv
is a variance inflation term, as in [19].

Key to the new development is the specification of A, B
and C, ; for the proposed time-varying model (10). Theorem
1 below gives the required result for the new time-varying
model.

Theorem 1. For the extended state transition model in (10)
where the transition model for X (t) is specified as (7), the
terms A, B, C, ; take the following form,

A~ A=) 32 h(ri)ft(vi)]
L 01><P 1
— Ih I

B (s.t] P
7[01><I 1] 01><P
C 0

Cs,t = T ]

| 0 S(g

with the additional required terms defined in (13) and (15).
Here O« ¢ represents an all zero matrix with R rows and C
columns, 1« is defined similarly as an R x C' matrix of all
unity elements, and 1 is the identity matrix with size R x R.

Proof. First observe that (8) is a linear function of the
unknown variables p(V;). If there are I jumps within the
interval (s,t] (I is a random Poisson variable on any time
interval (s,t]), then we may collect together all of the terms
corresponding to jumps at times {V; € (s,t]} = {V1,...,Vs}
as a vector ordered by increasing times V;, plus the end point
wu(t),

p, =[O, (V). . p(Va), w(t)]"
then (8) can be written as
mes 4 = ﬁl(s,t]ﬂv(s,t]’ (12)
where
m, 4 = [A(T1)f(V1), h(T2)f(V2), ..., h(T1)E(Vr), 0]

(13)

so the state update from (X (s), py, ) 1o (X (t), u(t)), can
be expressed as follows,

[X(t)] A, [X(s)] +Baen e~ N(0.S ) (14)

N(t) By,
where S, 4 is given by (9) and
A(t—s) m I
As—|© (S’t]]7B=[P].
2 [ Oi1xp [01><I 1] 2 0



Moreover, since p(t) is Brownian motion we know that:

Plhy, 1)) = N (u(s)L 1511, Cu)

where
(W — s)cri (W — s)ai (W — s)oi
C,=
(W — s)cri (Vi — s)oi (Vi — s)cri
(W — s)aﬁ (Vi — s)oi (t— s)ai
(15)

Hence a further state update proceeding from (X (s), u(s)) to
(X (s), vy, ;) can be written as

[328)1] - [f((;)] + Baest, et ~ N(0,Cy)  (16)

where

Al — |: IP 0 :|7 Bl — |:OP><(I+1):| .
Oryiyxp  Lr4ixi I

The two steps are now combined by substituting (16) into (14)
to give

— A |X()
=A |:,U'(S):| + Bes,ta €5t ~ N<07 Cs,t)

and now the model is fully specified in the required form
(10), since o, = [X(s), u(s)]" . After simplification, we get
the desired result. O
B. Monte Carlo filtering

For simplicity of notation, denote cy,, by aun, {I'i}{, ;|
by {I';},, and {Vi}ftn,l 1] DY {Vi}n, etc.. The ultimate infer-
ence goal (‘filtering’) is to estimate the extended state posterior
distribution,

p(an ‘yl:n) .
The sequential update however operates in the marginal space

of the latent variables I' and V' as follows, for time step n — 1
to n:

p({Fu ‘/i}l:n‘ylzn) =
P(}’nbﬁ:nq, {Pza ‘/;}1n)p({rza ‘/;}n)
p(yn|y1:n—1)

P({Fm Vvi}lznfl |Y1:n71)
(17)

Following a similar approach to [19], we first define a
rescaled covariance matrix for the dynamical noise in the
extended state space model (10) as

~ 2
Cs,t = Cs,t/UW

and note that the observation noise variance is assumed to
also be proportional to o3, see (11). In addition we assume
O'i = "5;%0{2% so that és,t does not depend on oy . The reason
for making this structural assumption in the model is to attain
tractability of the posterior distribution, which will then allow

0%, to be marginalised out and estimated by Monte Carlo

filtering. This assumption could be omitted at the expense
of a more expensive Monte Carlo filter with one additional
parameter.

The Kalman filter is utilised in order to compute
the incremental weight terms in the marginal space,
p(¥nly1n—1,{Li, Vitin, 03, ), and also the conditional poste-
rior, p(an|{Ts, Vitim, Yin, U%V). First, consider the posterior
density. From time ¢, to t,1, given

p(an|{Fia ‘/i}l:nv Yin, UIQ/V) = N(ll'n|n7 JIQ/Vf)nM)

and the state space model specified in (10) and (11). In the
prediction step, perform the standard Kalman prediction, ex-
pressed explicitly in terms of the rescaled covariance matrices,

p(an+1|{ria V;J}l:n+17 Yimn, 0—12/1/) = N(ll’n+1|nv J%Vf’n-‘rlm)
where

HKpiin = Ap’n|n (18)
P = AP,,A" + BC,, ,;1B”
n+1lin n|n n,n+1

then carry out the Kalman update step to obtain the conditional
posterior and the incremental weight terms:

p(yn+1|{ri7 V;}l:n+1a Yin, 0124/)

NG 0P >
p(n1{Ti, Vitim+1, Yim+1, o)
N Pasirs)
where
Yotin = Hity ),
P! =HP, ), H + &7 1
K=P, ,H (P!, 1 1)

HPrpiin+1 = Bngin + K(Yn-‘rl - yn+1|n)

Pn+1|n+1 = (I - KH)Pn-&-l\n

From (19) it is then possible to further marginalise 0‘2,1,

from the likelihood. This is as a result of the special rescaled
form of the covariance matrices. For this to apply in closed
form, set the conjugate prior [26], an Inverse Gamma (IG)
distribution, 0%, ~ ZG(aw,Bw). Then, if at time t,1,
p(oZ {Ti, Vitin, Y1:n) = ZG(awm,Bn), we can calculate
P(¥n+1{Ti, Vitiin+1, Y1:n) DY

p(yn+1 |{F7,7 Vvi}l:n+1> yl:n)
= fp(yn+1|{ri7 ‘/i}l:nJrlv Yi:n, 0124/) X

p(O—%/Vl{FZ? sz}ln» y1n>d(012/11)
1 )0471+1+D/2 /Ba"

S |
| T =, .\ ;2
27r|PZ+1|n| Oy

_ 1 Ban T(ow + D/2)

~ oy +1/2
\/277|PZ+1|7L| [(om) Bl

6n 1
Fo ol )

(22)



recall that y,, is of dimension D. Then, we can use this result
to calculate p(UXQ/[/'{Fia ‘/i}l:n—FIa Y1:n+1)

p(U%/[/'{Fi? ‘/’i}l:n-‘rla yl:n+1) = Ig(an+17 Bn-&-l)

where
Qnt1 =0 + D/2 (23)
ﬁn+1 :5n+
(Ynt1 — yn+1|n)T(PZ+1‘n)_l(Y7l+1 — Vn+1jn)/2
(24)

We can therefore use (23) and (24) to update recursively
p(JIZ/V|{F77 %}1:n+1ay1:71+1)'

Marginalised Monte Carlo filtering can then be carried out
in a fairly standard way, following the steps in [18]. Briefly,
suppose the Monte Carlo filter has successfully sampled up to
time n, i.e. we have M weighted random samples {T';, Vi}gfb)
as follows:

M
p({rzv sz}lnb’ln) ~ Z wg;,m)é{ruvl}g";)) ({an sz}ln)
m=1 )

We then draw a new set of random jumps for each sample
according to Alg. 1,

(T, Vit (T, Vidna), m = 1,0, M

The update formula (17) then shows that the importance
weights should be:

wf:—?-)locwém)p(Yn-kl | {Fia ‘/’L}gnrlz)-ﬁ-la yl:n);

(25)
which have been computed for each sample using the Kalman
filter in (22). Weights are normalised in the usual way such that
D w,&"j)l = 1. Resampling of the Monte Carlo population
may then be carried out in the standard way, as required.

The final so-called Rao-Blackwellised posterior distribution
over all unknowns is then given by a mixture of Normal-IG
distributions as follows:

p(an+17 0'12/1/‘}’1 n+1) ~

(m) (m)
Z wn+1N an+1’“71+1|7L+1’JWP“+1\“+1)X
m=1

Ig<012/[/’an+1’6n+1)

If required it is then straightforward to obtain marginal poste-
riors for o3, and @, 41, as follows,

M
p(o'%/V|y1:n+1 Z

m=1

(m)

n+IIg UW’ (m)

HRNCHR Ve

Then, to obtain a marginalised estimate of the states, we first
calculate that for each particle

plant1[{Ts, Vitiins1, Yim+1)
= Loop(anﬂ T, Vilins1, Yim+1, Oty
p(ofy {0 Vil v )d o)
= [ 2600 ams1. W (@ s o Pl

0
ﬁnJrl

:t2&n+1 (I“l’n+17
Q41

15n+1)

where t,(u, P) represents the Student distribution with de-
grees of freedom v, mean u and scale P. Thus, the
marginalised estimate of states is given by

M
)~ Y Wl (@ T Vi Yinsn)

m=1
(27

Pl@ni1|y1ns1

Note that «,,41 is not to be confused with the state vector

Apt1-
The algorithm for a single iteration is shown in Alg. 3.

Algorithm 3: A
Marginalised PF

single time iteration of the

Input : {H%m;,]?% )) W™ Vet
OUtPUt: {/"’nnlh Pnﬁb wn?zl }m=1:M
begin
if Resample then

| Resample Particles by their weights

form=1...M do
Sample {{T',V'}; (tn tnea] DY Alg. 1
(10);

Carry out prediction step as in (18) using (10);
Do the update step as in (21), update weights

by (25);
Store Hgi)p Pgi)l , 7(171)1;

V. EXPERIMENTS

Initial evaluations are carried out for the a-stable processes.
Other forms of NVM and NoM models will be reported in
future publications. Recall that for a-stable process, h(y) =
v~/ s0 we can rewrite (5) as

(s, t) 2 |7V (Vi) + ow i)
I'i<ce

and (8) (9) also change accordingly.
As for the SDE, we choose a 2-D Langevin model, so we

have in (1),
0 1 0
A=[o =)
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Fig. 1: Simulated trajectories X (¢) (blue) plotted with vec-
tor p(t) (black arrows) for Langevin model driven by «-
stable Lévy noise, parameters: (a) « = 0.9, A = 0.05,
po = [0.1,0.05], o, = 0.015, N = 500, ¢ = 10; (b)
oy = 1.5e7%, otherwise as (a); (c) a = 0.5, otherwise (a);
(d) po = [0.05,—0.1], others as (a).

2000

< 200
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0 150 0 30 00 S0 ) 00 260 300 0 550
Time (n) Time (n)

(a) Dimension 1 (b) Dimension 2

Fig. 2: Simulated trajectories X (t) (red) plotted with ()
(blue), dashed line corresponds to zero p, parameters used
are v = 0.9, A = 0.05, o = [0.1,0.05], o, = 0.015, ¢ = 10.

Examples of trajectories (blue curve) and vector pu(t) (black
arrows) are shown in Fig. 1. The trajectories are aimed at
emulating real data where we observe both sharp changes
in direction caused by the heavy-tailed noise distribution and
overall changes in direction over time, modelled by the time-
varying skewness, included as a proxy for the time-varying di-
rectional intent of the object. We have used o = 0.9, A = 0.05,
1(0) = [0.1,0.05], o, = 0.015 for both dimensions, ¢ = 10 in
Fig. 1a. The remaining panels use different parameters: Fig. 1b
uses a small o, which causes (t) ~ (0) so the direction of
the movement hardly changes. Because of the positive starting
value for skewness, the trajectory moves towards the upper
right all the time. The effect of (0) can be seen by comparing
Fig. 1b with Fig. 1d. In Fig. 1d, (0) for horizontal movement
is positive and negative for the transverse movement, resulting
in the trend towards the lower right at the start. Smooth
and small changes of direction can be observed in these 3

trajectories, while Fig. lc shows the opposite. Because as
« decreases, the a-stable distribution becomes heavier-tailed,
the velocity is more likely to jump to extreme values. Hence
the trajectory is less smooth with variations in a larger scale.
Comparing to Fig. 1b where the adjustments of velocity are
in a small scale, here the changes of velocity are more abrupt.

By comparing the blue curves with the arrows, the effect
of time-varying skewness on the ’intent’ of the object can be
seen. The movement of X (¢) loosely aligns with the direction
of pu(t).

More detailed plots of w(¢t) and X (¢) of Fig. la for each
dimension are shown in Fig. 2, where the red and blue curves
are X (t) and u(t) respectively. For the y-axis movement,
looking at Fig. 2b, when n < 150, p(t) is positive most of the
time, which causes an increasing trend of X. Then p suddenly
drops below zero and stays negative, which corresponds to the
small drop in X (¢t). Then, as p fluctuates around zero after
n =~ 300, the curve also fluctuates. So, it is clear that the
sign of p corresponds to a tendency for increase/decrease in
X (t). When combined with 8(t) values for other coordinate
dimensions, this will lead to preferential motions in particular
spatial directions, which change over time. This is because
individual jumps will on average be biased in the direction of
the spatial p(t) values.

We do note however that the relationship between intent and
the direction of u(t) may become a little more complex than
indicated here, since in cases with « € (1,2) (not currently
included in the models) a compensator term will also affect
the ‘intent’ of the object. This case (o € (1,2)) and the
relationship with ‘intent’ will be explored more fully in future
work, for example by the inclusion of additional unknown drift
terms in the underlying Lévy process.

3000
= True state

2500 Chservation

2000

1500

Dim 2

1000

500

=500

—2000 D 2000 4000

Dim 1

—6000 4000
Fig. 3: Trajectory (blue) and noisy observations (orange) for
Langevin model, xy = 2800, o = 0.9, A = 0.05, uo =
[0.1,0.05], o, = 0.015, ¢ = 10.

Finally, we illustrate marginalised particle filtering for the
dynamic states and p from the noisy data, as shown in Fig.
3, where oy = 0.05, standard deviation of the noise oy =
Ky X ow, ky = 2800. In the particle filter, 300 particles are
used. Filtered estimation of u(t) and X (¢) with 3-standard
deviation regions are shown in Fig. 4. The estimated values



are the mean of the mixture distributions in (26) and (27). The
standard deviation is obtained by calculating variance of the
mixture distributions. We can see that the estimated w(t) and
X(t) in each dimension can track the true latent value quite
accurately, with suitable confidence intervals. Fig. 5 shows the
estimated X (¢) with vector u(t) overlaid. From this figure,
we can again see that the estimated p is aligned well with
the typical direction of motion of X. The estimated posterior
distribution p(cd,|y1.n) is shown in Fig. 6, where the true
value falls in the region with high probability mass.

VI. CONCLUSION

We have presented a framework for modelling and infer-
ence of tracking models with time-varying skew. Skewness
is modelled as a Brownian motion process driving a shot-
noise representation of the stochastic process. Applications
are presented in the case of a-stable processes, demonstrating
how such a model can represent the change of an object’s
directional intent over time. On test data the methods perform
well even with a small number of particles and noisy observa-
tions. Such methods can also easily extend to other processes
that can be represented by generalised shot noise processes,
such as the NVM processes, where we can simply change
the form of H(T',U) and the rest follows as here. Further
work is addressing theoretical issues of how to compensate
the time-varying case in the «-stable model with 1 < o < 2
and how to approximate the residual due to truncation, both
of which were possible in the fixed S case. The current
simulations can only be viewed as a proof of principle on
limited data. Future work will present intent analysis for real
object motions, as well as incorporation of other key elements
such as clutter measurements and data associations. Finally,
other applications will be explored such as animal behaviour
tracking and financial data prediction.
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