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Abstract—In this paper we introduce tracking models based
on non-Gaussian continuous time stochastic processes with time-
varying skewness. The idea behind this is that the skewness of
the dynamical model may be able to model a propensity for an
object to undergo manoeuvres of a particular type, for example
velocities tending in a particular direction, but that these may
change over time. This process is constructed based on a random
series representation of conditionally Gaussian Lévy processes,
which enables straightforward simulation of the models. We
demonstrate the specific example of α-stable processes and
find that such processes can capture abrupt changes owing
to their heavy-tailed behaviour, and demonstrate the random
changes in direction caused by the time-changing skewness of
the distribution. We propose methods for joint tracking of both
states and skewness for such processes, based on a marginalised
particle filter, which are demonstrated to perform well even with
limited numbers of particles.

Index Terms—non-Gaussian stochastic process, sequential
Monte Carlo, particle filter, Lévy process, stochastic differential
equation

I. INTRODUCTION

In order to model the movement of an object, it is common
to use stochastic differential equations (SDEs) such as in [1],
[2]. The noise term in the SDEs represent the randomness of
the movement. It is well known that many real-world data
exhibit heavy-tailed behavior which cannot be captured by
Gaussian noise, such as in financial systems [3]–[5], commu-
nications [6]–[9], signal processing [10], image analysis [11],
audio processing [12], [13], and in climatological sciences
[14], [15]. Therefore, more general types of process should
ideally be used to model the noise in such systems.

A natural choice of non-Gaussian model in continuous time
is the Lévy process [5], [16]. An important property of Lévy
processes is an infinitely divisible distribution that defines the
process over time. However, in real life, the parameters of the
system can also be randomly time-varying. Intuitively, moving
objects do not necessarily follow the same process all the time
as they undergo different manoeuvres. Therefore, we propose
a more general time-varying process by setting the skewness
of the process to be another stochastic process - a Brownian
motion, in our case. Processes driven by such time-varying
noise are also readily simulated within the framework we
propose, and Monte Carlo likelihoods may be computed in
order to run algorithms such as sequential Monte Carlo [17],
[18].

Here an α-stable model is assumed for the underlying Lévy
process as a a concrete example, where after some time T the
process will reach a particular α-stable distribution, and we
adopt a conditionally Gaussian representation of this process
as in [19]. The skewness of the distribution is readily param-
eterised in terms of the mean and standard deviation of the
conditional Gaussian form, and by allowing the mean to vary
with time we propose to model time-varying skew. Simulation
and inference for conditionally Gaussian Lévy-driven state-
space models have been proposed in [19], while [1] extends
the methods to spatial tracking scenarios, their work is limited
to the symmetric (non-skewed) α-stable case. In our work
here, we consider a time-varying skewness and state space
models in multiple spatial dimensions. Inference for the time-
varying mean parameter of the stochastic process is carried
out within a marginalised particle filtering framework, using a
novel extension of the approach for fixed mean and skewness
in [19].

II. MODELLING FRAMEWORK

Consider now a stochastic process on a time axis τ “ r0, T s,
which can be described by a linear stochastic differential
equation (SDE) [20] taking the form

dXptq “ AXptqdt ` hdW ptq, Xptq P ℜP ,W ptq P ℜ1 (1)

where W ptq is the driving noise process, at time t P τ . Let
s P τ, s ă t; then, integrating (1) from time s to t gives

Xptq “ eApt´sqXpsq `

ż t

s

eApt´uqhdW puq .

Consider the stochastic integral in this equation, defining

Ips, tq :“

ż t

s

eApt´uqhdW puq . (2)

Now consider the form of W ptq, which will be modelled
as a pure jump stochastic process [5]; we start from the
series representation of W ptq using a generalised shot noise
representation, following [21]. Define IpAq “ 1 if event A is
true and 0 otherwise. Let d

“ denote convergence in distribution.
Then, according to [21],



W ptq
d
“

8
ÿ

i“1

JiIpVi ă tq ´ tci (3)

where Ji are random jumps of the process occuring at random
times Vi

iid
„ Upτq (Uniform distribution), and ci are centering

terms that are required for the convergence of the series in
certain cases, such as the α-stable case with α ě 1. In this
paper we deal only with cases where centering is not necessary
and set all ci to zero (more general cases with centering will
be presented in future work). The jumps Ji are represented
as a function Ji “ HpΓi, Uiq where tΓiu are event times
(epochs) of a unit-rate Poisson process, Hpγ, .q is a function
that is non-increasing in γ, and Ui are iid random variates,
here taken as standard normal Ui

iid
„ N p0, 1q. Two cases will

be of interest to us here; firstly, define

HpΓi, Uiq “ hpΓiqpµpViq ` σWUiq, Ui „ N p0, 1q . (4)

We will denote this first case as the Normal-σ-Mean (NσM)
mixture model, where hpq is a non-increasing function. This
case will provide the basis for the examples presented in the
paper. In particular the α-stable stochastic process is obtained
with hpγq “ γ´1{α (α P p0, 1q), see [22]. α P r1, 2q is also
possible but would require centering ci, so we omit this case
in the present context.

Secondly, the so-called Normal-Variance-Mean (NVM)
model [5], [23] is obtained with HpΓi, Uiq “ hpΓiqµpViq `
a

hpΓiqσWUi. The NVM model is not taken further in this
paper, but related developments based on this important class
will be presented in future work.

Notice that in both cases the term µptq is allowed to be time-
varying, in contrast with previous work in which µptq “ µW ,
an unknown constant.

Substituting (4) and (3) into (2) with ci “ 0 we get a series
representation of the form:

Ips, tq
d
“

8
ÿ

i“1

hpΓiqftpViqpµpViq ` σWUiqIpVi P rs, tqq

where ftpuq “ eApt´uqh.
Since it is impractical to consider an infinite number of

series terms, we truncate the summation to consider only large
jumps, in the manner of [19], [23], leading to the following
truncated series representation,

Icps, tq “
ÿ

Γiăc

hpΓiqftpViqpµpViq ` σWUiqIpVi P rs, tqq (5)

Thus far the development is much as in the standard Lévy-
driven process detailed in [19], [23]. In these earlier papers, as
stated above, µpViq “ µW (a constant) and σW determine the
skewness, β P r´1, 1s, and scale, γ, of the process, which are
fixed (but unknown) over time; for example, in the α-stable
case the relationships, according to [24], are

β “
E r|µW ` σWU1|αsignpµW ` σWU1qs

E r|µW ` σWU1|αs

γα “
E r|µW ` σWU1|αs

Cα

where Cα is a constant depending on α, and E denotes
expectation.

Here though our contribution is to introduce a broader class
of stochastic processes, in which the parameter µpViq, and
hence the skewness of the process, may vary over time, for
example as a Brownian motion1. The motivation for this is
that the skewness of the process may indicate a propensity
of an object to move preferentially in one direction rather
than another (an example of ‘intent’ analysis), and that this
propensity may be expected to vary with time in manoeuvring
or evasive object bahaviours. In order to achieve this objective,
define a new process dµptq “ σµdBptq, where Bptq is a
standard Brownian motion. The resulting process W ptq is no
longer a Lévy process as the increments are not stationary, but
it does have the advantage of allowing time-varying skewness
in the model. In this current work we will ignore the error
due to truncation of the infinite summation, which is expected
to be small if c is set sufficiently large, a topic that will be
explored in a future publication, (see [19], [23] for the full
treatment of the residual error when µptq “ µW is constant).

With a direct truncation of the infinite series, the resulting
state dynamical model is expressed as

Xptq “ eApt´sqXpsq ` Icps, tq (6)

and in the next section we summarise how to simulate the new
process.

III. SIMULATION

First note that for a time interval ps, ts P τ the Γis and
Vis need not be generated for the whole interval τ . We can
equivalently generate tΓiups,ts as a Poisson process of rate
pt ´ sq{T , then for each such Γi, generate a uniform Vi „

Ups, ts. 2

The process can then be simulated by generating sets
of tΓiu

c
ps,ts, tViu

c
ps,ts, tµpViquc

ps,ts, tUiu
c
ps,ts at each time step,

where the superscript c represents that all Γi ď c and the
subscript ps, ts denotes that Vi P ps, ts and hence that the
jumps happen in the time interval ps, ts. Now, observing that
Xptq in (6) is Gaussian conditionally on the Γs, V s and µs,
we can write the conditional transition density of Xptq as

Xptq|Xpsq, tΓiu
c
ps,ts, tViu

c
ps,ts, tµpViqucps,ts

„ N
´

eApt´sqXpsq ` mps,ts,Sps,ts

¯

(7)

where

mps,ts “
ÿ

Γiăc

hpΓiqftpViqµpViqIpVi P rs, tqq (8)

and

Sps,ts “ σ2
W

ÿ

Γiăc

hpΓiq
2ftpViqf

T
t pViqIpVi P rs, tqq (9)

1Essentially any linear Gaussian state space model for µptq would work
here, but we study Brownian motion as a simple starting point.

2This method is exactly equivalent to generating the tΓiu from a unit rate
Poisson process with associated times Vi „ Upτq and then thinning the points
to select only those having Vi P ps, ts [25].



We can therefore just generate Γs, Vs and µs for each
time interval required and sample Xptq from its Gaussian
conditional distribution. If simulation is required at a list
of increasing times 0, t1, t2, ..., T , then we simply apply the
Gaussian sampling procedure successively over each sub-
interval ptj´1, tjs for j “ 1, ..., thus obtaining a ‘skeleton’
path of the process Xp0q, Xpt1q, ..., XpT q. Note also that in
practice the algorithm is easily extended to times beyond the
initial axis τ by re-starting the generalised shot-noise model
for W ptq on a subsequent time axis τ ` T and repeating as
required.

The complete simulation algorithm is shown in Alg. 2.

Algorithm 1: Sample Latent Variables
Input : Time interval ps, ts
Output: Ordered latent variables ttΓ, V ujuc

ps,ts

begin
Initialize Γ “ 0, tΓi, Viu

c
ps,ts “ H

while Γ ă c do
Γ` “ r, r „ exppT {pt ´ sqq

V „ Ups, ts
add pΓ, V q to tΓi, Viu

c
ps,ts

Sort the set of pairs in the order of increasing V s,
to obtain the ordered set tΓj , Vjuc

ps,ts

Algorithm 2: Simulation of sample paths

Input: An increasing set of observation times, ttnuNn“1

Output: Sample path tXptnquNn“1

begin
Initialise Xp0q, t0 “ 0, µp0q

for n “ 1 . . . N do
Sample tΓj , Vjuc

ptn´1,tns
by Alg. 1

for pΓj , Vjq P tΓj , Vjuc
ptn´1,tns

do
Sample µpVjq from
N pµpVj´1q, pVj ´ Vj´1qσ2

µq defining
V0 “ tn´1

Extract largest time Vmax “ maxjtVjuc
ptn´1,tns

Sample µptnq from
N pµpVmaxq, ptn ´ Vmaxqσ2

µq

Compute mps,ts and Sps,ts by (8) and (9)
Sample Xptnq|Xptn´1q from the normal

distribution (7)

IV. STATE INFERENCE AND TRACKING

We now describe how to carry out inference in the new
model, including estimation of the kinematic state Xptq and
the time-varying mean process µptq.

A. State space model

In order to pose the inference problem, we first rewrite
the state transition model using an extended state vector that

includes both Xptq and µptq, following the fixed-µ case in
[19],

αt “

„

Xptq
µptq

ȷ

, αt “ Aαs ` Bes,t, es,t „ N p0,Cs,tq (10)

Now, suppose that measurements y1,y2, ...,yn, ... are made
at discrete times t1, t2, ..., tn, ... through a linear Gaussian
observation model:

yn “ HXtn ` vtn ,vtn
iid
„ N p0, κ2

V σ
2
W Iq,yn P ℜD (11)

where σ2
W is once again the variance term in Eq. (4) and κV

is a variance inflation term, as in [19].
Key to the new development is the specification of A, B

and Cs,t for the proposed time-varying model (10). Theorem
1 below gives the required result for the new time-varying
model.

Theorem 1. For the extended state transition model in (10)
where the transition model for Xptq is specified as (7), the
terms A,B,Cs,t take the following form,

A “

„

eApt´sq
řI

i“1 hpΓiqftpViq

01ˆP 1

ȷ

B “

„

m̃ps,ts IP
“

01ˆI 1
‰

01ˆP

ȷ

Cs,t “

„

Cµ 0
0 Sps,ts

ȷ

with the additional required terms defined in (13) and (15).
Here 0RˆC represents an all zero matrix with R rows and C
columns, 1RˆC is defined similarly as an RˆC matrix of all
unity elements, and IR is the identity matrix with size RˆR.

Proof. First observe that (8) is a linear function of the
unknown variables µpViq. If there are I jumps within the
interval ps, ts (I is a random Poisson variable on any time
interval ps, ts), then we may collect together all of the terms
corresponding to jumps at times tVi P ps, tsu “ tV1, ..., VIu

as a vector ordered by increasing times Vi, plus the end point
µptq,

µVps,ts
:“

“

µpV1q, µpV2q, . . . , µpVIq, µptq
‰T

then (8) can be written as

mps,ts “ m̃ps,tsµVps,ts
, (12)

where

m̃ps,ts “ rhpΓ1qftpV1q, hpΓ2qftpV2q, ..., hpΓIqftpVIq, 0s

(13)

so the state update from (Xpsq,µVps,ts
) to (Xptq, µptq), can

be expressed as follows,
„

Xptq
µptq

ȷ

“ A2

„

Xpsq

µVps,ts

ȷ

` B2et, et „ N p0,Sps,tsq (14)

where Sps,ts is given by (9) and

A2 “

„

eApt´sq m̃ps,ts

01ˆP

“

01ˆI 1
‰

ȷ

, B2 “

„

IP
0

ȷ

.



Moreover, since µptq is Brownian motion we know that:

ppµVps,ts
|µpsqq “ N pµpsq1pI`1qˆ1,Cµq

where

Cµ “

»

—

—

—

–

pV1 ´ sqσ2
µ pV1 ´ sqσ2

µ pV1 ´ sqσ2
µ

. . .
pV1 ´ sqσ2

µ pVI ´ sqσ2
µ pVI ´ sqσ2

µ

pV1 ´ sqσ2
µ pVI ´ sqσ2

µ pt ´ sqσ2
µ

fi

ffi

ffi

ffi

fl

.

(15)

Hence a further state update proceeding from (Xpsq, µpsq) to
(Xpsq,µVps,ts

) can be written as
„

Xpsq

µVps,ts

ȷ

“ A1

„

Xpsq

µpsq

ȷ

` B1eδt, eδt „ N p0,Cµq (16)

where

A1 “

„

IP 0
0pI`1qˆP 1pI`1qˆ1

ȷ

, B1 “

„

0PˆpI`1q

II`1

ȷ

.

The two steps are now combined by substituting (16) into (14)
to give

„

Xptq
µptq

ȷ

“ A2A1

„

Xpsq

µpsq

ȷ

` A2B1eδt ` B2et

:“ A

„

Xpsq

µpsq

ȷ

` Bes,t, es,t „ N p0,Cs,tq

and now the model is fully specified in the required form
(10), since αs “

“

Xpsq, µpsq
‰T

. After simplification, we get
the desired result.

B. Monte Carlo filtering

For simplicity of notation, denote αtn by αn, tΓiu
c
ptn´1,tns

by tΓiun and tViu
c
ptn´1,tns

by tViun, etc.. The ultimate infer-
ence goal (‘filtering’) is to estimate the extended state posterior
distribution,

ppαn|y1:nq .

The sequential update however operates in the marginal space
of the latent variables Γ and V as follows, for time step n´1
to n:

pptΓi, Viu1:n|y1:nq “

ppyn|y1:n´1, tΓi, Viu1:nqpptΓi, Viunq

ppyn|y1:n´1q
pptΓi, Viu1:n´1|y1:n´1q

(17)

Following a similar approach to [19], we first define a
rescaled covariance matrix for the dynamical noise in the
extended state space model (10) as

C̃s,t “ Cs,t{σ
2
W

and note that the observation noise variance is assumed to
also be proportional to σ2

W , see (11). In addition we assume
σ2
µ “ κ2

µσ
2
W , so that C̃s,t does not depend on σW . The reason

for making this structural assumption in the model is to attain
tractability of the posterior distribution, which will then allow
σ2
W to be marginalised out and estimated by Monte Carlo

filtering. This assumption could be omitted at the expense
of a more expensive Monte Carlo filter with one additional
parameter.

The Kalman filter is utilised in order to compute
the incremental weight terms in the marginal space,
ppyn|y1:n´1, tΓi, Viu1:n, σ

2
W q, and also the conditional poste-

rior, ppαn|tΓi, Viu1:n,y1:n, σ
2
W q. First, consider the posterior

density. From time tn to tn`1, given

ppαn|tΓi, Viu1:n,y1:n, σ
2
W q “ N pµn|n, σ

2
W P̃n|nq

and the state space model specified in (10) and (11). In the
prediction step, perform the standard Kalman prediction, ex-
pressed explicitly in terms of the rescaled covariance matrices,

ppαn`1|tΓi, Viu1:n`1,y1:n, σ
2
W q “ N pµn`1|n, σ

2
W P̃n`1|nq

where

µn`1|n “ Aµn|n

P̃n`1|n “ AP̃n|nA
T ` BC̃n,n`1B

T
(18)

then carry out the Kalman update step to obtain the conditional
posterior and the incremental weight terms:

ppyn`1|tΓi, Viu1:n`1,y1:n, σ
2
W q

“ N pŷn`1|n, σ
2
W P̃y

n`1|nq
(19)

ppαn`1|tΓi, Viu1:n`1,y1:n`1, σ
2
W q

“ N pµn`1|n`1, σ
2
W P̃n`1|n`1q

(20)

where

ŷn`1|n “ Hµn`1|n

P̃y
n`1|n “ HP̃n`1|nH

T ` κ2
V I

K “ P̃n`1|nH
T tP̃y

n`1|nu´1

µn`1|n`1 “ µn`1|n ` Kpyn`1 ´ ŷn`1|nq

P̃n`1|n`1 “ pI ´ KHqP̃n`1|n

(21)

From (19) it is then possible to further marginalise σ2
W

from the likelihood. This is as a result of the special rescaled
form of the covariance matrices. For this to apply in closed
form, set the conjugate prior [26], an Inverse Gamma (IG)
distribution, σ2

W „ IGpαW , βW q. Then, if at time tn`1,
ppσ2

W |tΓi, Viu1:n,y1:nq “ IGpαn, βnq, we can calculate
ppyn`1|tΓi, Viu1:n`1,y1:nq by

ppyn`1|tΓi, Viu1:n`1,y1:nq

“

ż

ppyn`1|tΓi, Viu1:n`1,y1:n, σ
2
W qˆ

ppσ2
W |tΓi, Viu1:n,y1:nqdpσ2

W q

“

ż

1
b

2π|P̃y
n`1|n|

ˆ

1

σ2
W

˙αn`1`D{2
βαn
n

Γpαnq
expt´

βn`1

σ2
W

udpσ2
W q

“
1

b

2π|P̃y
n`1|n|

βαn
n

Γpαnq

Γpαn ` D{2q

β
αn`1{2
n`1

(22)



recall that yn is of dimension D. Then, we can use this result
to calculate ppσ2

W |tΓi, Viu1:n`1,y1:n`1q

ppσ2
W |tΓi, Viu1:n`1,y1:n`1q “ IGpαn`1, βn`1q

where

αn`1 “αn ` D{2 (23)
βn`1 “βn`

pyn`1 ´ ŷn`1|nqT pP̃y
n`1|nq´1pyn`1 ´ ŷn`1|nq{2

(24)

We can therefore use (23) and (24) to update recursively
ppσ2

W |tΓi, Viu1:n`1,y1:n`1q.
Marginalised Monte Carlo filtering can then be carried out

in a fairly standard way, following the steps in [18]. Briefly,
suppose the Monte Carlo filter has successfully sampled up to
time n, i.e. we have M weighted random samples tΓi, Viu

pmq

1:n

as follows:

pptΓi, Viu1:n|y1:nq «

M
ÿ

m“1

wpmq
n δ

tΓi,Viu
pmqq

1:n
ptΓi, Viu1:nq

We then draw a new set of random jumps for each sample
according to Alg. 1,

tΓi, Viu
pmq

n`1
iid
„ pptΓi, Viun`1q, m “ 1, ...,M

The update formula (17) then shows that the importance
weights should be:

w
pmq

n`19wpmq
n ppyn`1|tΓi, Viu

pmq

1:n`1,y1:nq, (25)

which have been computed for each sample using the Kalman
filter in (22). Weights are normalised in the usual way such that
ř

m w
pmq

n`1 “ 1. Resampling of the Monte Carlo population
may then be carried out in the standard way, as required.

The final so-called Rao-Blackwellised posterior distribution
over all unknowns is then given by a mixture of Normal-IG
distributions as follows:

ppαn`1, σ
2
W |y1:n`1q «

M
ÿ

m“1

w
pmq

n`1N pαn`1;µ
pmq

n`1|n`1, σ
2
W P̃

pmq

n`1|n`1qˆ

IGpσ2
W ;α

pmq

n`1, β
pmq

n`1q

If required it is then straightforward to obtain marginal poste-
riors for σ2

W and αn`1, as follows,

ppσ2
W |y1:n`1q «

M
ÿ

m“1

w
pmq

n`1IGpσ2
W ;α

pmq

n`1, β
pmq

n`1q (26)

Then, to obtain a marginalised estimate of the states, we first
calculate that for each particle

ppαn`1|tΓi, Viu1:n`1,y1:n`1q

“

ż 8

0

ppαn`1|tΓi, Viu1:n`1,y1:n`1, σ
2
W q

ppσ2
W |tΓi, Viu

pmq

1:n`1,y1:n`1qdpσ2
W q

“

ż 8

0

IGpσ2
W ;αn`1, βn`1qN pαn`1;µn`1, σ

2
W P̃n`1qdpσ2

W q

“t2αn`1
pµn`1,

βn`1

αn`1
P̃n`1q

where tvpµ,Pq represents the Student distribution with de-
grees of freedom v, mean µ and scale P. Thus, the
marginalised estimate of states is given by

ppαn`1|y1:n`1q «

M
ÿ

m“1

w
pmq

n`1ppαn`1|tΓi, Viu
pmq

1:n`1,y1:n`1q

(27)

Note that αn`1 is not to be confused with the state vector
αn`1.

The algorithm for a single iteration is shown in Alg. 3.

Algorithm 3: A single time iteration of the
Marginalised PF

Input : tµ
pmq
n , P̃

pmq
n , w

pmq
n um“1:M

Output: tµ
pmq

n`1, P̃
pmq

n`1, w
pmq

n`1um“1:M

begin
if Resample then

Resample Particles by their weights
for m “ 1 . . .M do

Sample ttΓ, V ujuc
ptn,tn`1s

by Alg. 1;
(10);
Carry out prediction step as in (18) using (10);
Do the update step as in (21), update weights
by (25);

Store µ
pmq

n`1, P̃
pmq

n`1, w
pmq

n`1;

V. EXPERIMENTS

Initial evaluations are carried out for the α-stable processes.
Other forms of NVM and NσM models will be reported in
future publications. Recall that for α-stable process, hpγq “

γ´1{α so we can rewrite (5) as

Icps, tq
d
“

ÿ

Γiăc

”

Γ
´1{α
i ftpViqpµpViq ` σWUiq

ı

and (8) (9) also change accordingly.
As for the SDE, we choose a 2-D Langevin model, so we

have in (1),

A “

„

0 1
0 λ

ȷ

,h “

„

0
1

ȷ

.



(a) (b) σµ “ 1.5e´4

(c) α “ 0.5 (d) µ0 “
“

0.05,´0.1
‰

Fig. 1: Simulated trajectories Xptq (blue) plotted with vec-
tor µptq (black arrows) for Langevin model driven by α-
stable Lévy noise, parameters: (a) α “ 0.9, λ “ 0.05,
µ0 “ r0.1, 0.05s, σµ “ 0.015, N “ 500, c “ 10; (b)
σµ “ 1.5e´4, otherwise as (a); (c) α “ 0.5, otherwise (a);
(d) µ0 “ r0.05,´0.1s, others as (a).

(a) Dimension 1 (b) Dimension 2

Fig. 2: Simulated trajectories Xptq (red) plotted with µptq
(blue), dashed line corresponds to zero µ, parameters used
are α “ 0.9, λ “ 0.05, µ0 “ r0.1, 0.05s, σµ “ 0.015, c “ 10.

Examples of trajectories (blue curve) and vector µptq (black
arrows) are shown in Fig. 1. The trajectories are aimed at
emulating real data where we observe both sharp changes
in direction caused by the heavy-tailed noise distribution and
overall changes in direction over time, modelled by the time-
varying skewness, included as a proxy for the time-varying di-
rectional intent of the object. We have used α “ 0.9, λ “ 0.05,
µp0q “ r0.1, 0.05s, σµ “ 0.015 for both dimensions, c “ 10 in
Fig. 1a. The remaining panels use different parameters: Fig. 1b
uses a small σµ which causes µptq « µp0q so the direction of
the movement hardly changes. Because of the positive starting
value for skewness, the trajectory moves towards the upper
right all the time. The effect of µp0q can be seen by comparing
Fig. 1b with Fig. 1d. In Fig. 1d, µp0q for horizontal movement
is positive and negative for the transverse movement, resulting
in the trend towards the lower right at the start. Smooth
and small changes of direction can be observed in these 3

trajectories, while Fig. 1c shows the opposite. Because as
α decreases, the α-stable distribution becomes heavier-tailed,
the velocity is more likely to jump to extreme values. Hence
the trajectory is less smooth with variations in a larger scale.
Comparing to Fig. 1b where the adjustments of velocity are
in a small scale, here the changes of velocity are more abrupt.

By comparing the blue curves with the arrows, the effect
of time-varying skewness on the ’intent’ of the object can be
seen. The movement of Xptq loosely aligns with the direction
of µptq.

More detailed plots of µptq and Xptq of Fig. 1a for each
dimension are shown in Fig. 2, where the red and blue curves
are Xptq and µptq respectively. For the y-axis movement,
looking at Fig. 2b, when n ă 150, µptq is positive most of the
time, which causes an increasing trend of X . Then µ suddenly
drops below zero and stays negative, which corresponds to the
small drop in Xptq. Then, as µ fluctuates around zero after
n « 300, the curve also fluctuates. So, it is clear that the
sign of µ corresponds to a tendency for increase/decrease in
Xptq. When combined with βptq values for other coordinate
dimensions, this will lead to preferential motions in particular
spatial directions, which change over time. This is because
individual jumps will on average be biased in the direction of
the spatial µptq values.

We do note however that the relationship between intent and
the direction of µptq may become a little more complex than
indicated here, since in cases with α P p1, 2q (not currently
included in the models) a compensator term will also affect
the ‘intent’ of the object. This case (α P p1, 2q) and the
relationship with ‘intent’ will be explored more fully in future
work, for example by the inclusion of additional unknown drift
terms in the underlying Lévy process.

Fig. 3: Trajectory (blue) and noisy observations (orange) for
Langevin model, κV “ 2800, α “ 0.9, λ “ 0.05, µ0 “

r0.1, 0.05s, σµ “ 0.015, c “ 10.

Finally, we illustrate marginalised particle filtering for the
dynamic states and µ from the noisy data, as shown in Fig.
3, where σW “ 0.05, standard deviation of the noise σV “

κV ˆ σW , κV “ 2800. In the particle filter, 300 particles are
used. Filtered estimation of µptq and Xptq with 3-standard
deviation regions are shown in Fig. 4. The estimated values



are the mean of the mixture distributions in (26) and (27). The
standard deviation is obtained by calculating variance of the
mixture distributions. We can see that the estimated µptq and
Xptq in each dimension can track the true latent value quite
accurately, with suitable confidence intervals. Fig. 5 shows the
estimated Xptq with vector µptq overlaid. From this figure,
we can again see that the estimated µ is aligned well with
the typical direction of motion of X . The estimated posterior
distribution ppσ2

W |y1:N q is shown in Fig. 6, where the true
value falls in the region with high probability mass.

VI. CONCLUSION

We have presented a framework for modelling and infer-
ence of tracking models with time-varying skew. Skewness
is modelled as a Brownian motion process driving a shot-
noise representation of the stochastic process. Applications
are presented in the case of α-stable processes, demonstrating
how such a model can represent the change of an object’s
directional intent over time. On test data the methods perform
well even with a small number of particles and noisy observa-
tions. Such methods can also easily extend to other processes
that can be represented by generalised shot noise processes,
such as the NVM processes, where we can simply change
the form of HpΓ, Uq and the rest follows as here. Further
work is addressing theoretical issues of how to compensate
the time-varying case in the α-stable model with 1 ď α ă 2
and how to approximate the residual due to truncation, both
of which were possible in the fixed β case. The current
simulations can only be viewed as a proof of principle on
limited data. Future work will present intent analysis for real
object motions, as well as incorporation of other key elements
such as clutter measurements and data associations. Finally,
other applications will be explored such as animal behaviour
tracking and financial data prediction.
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